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Abstract

The purpose of paper is to introduce the notion of compatible mappings of type
(P) in Menger space and to obtain a common fixed point theorem in this space by
using this mapping with example. Our result generalizes and improves some known
similar results in literature.

1. Introduction
The study of common fixed point of mappings satisfying contractive type conditions has

been a very active field of research during last three decades. The notion of distance
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was created by M. Frechet [3] in 1906. In 1914, Hausdroff [4] inaugurated the dis-
tance notion by Metric Space name. Austrian Mathematician Karl’s Menger in 1942
introduced Menger Space [9] as one of important generalizations of Metric Space in
Probability version. The study of this space was expanded rapidly due to pioneer work
of B. Schweizer and A. Skalar [15], [12] in 1960. And it became active research area for
researcher when V. M. Sehgal and A. T. Barucha Reid [13] introduced a contraction
mapping in Probabilistic Metric Space as generalization of Banach Contraction Principle
given by S. Banach [1] in metric space and established fixed point theorems in Menger
Probabilistic Metric Space. Also, the survey work on contractions in probabilistic metric
space has been studied by A. K. Chaudhary and K. Jha [6] in 2019.

The compatible mapping in probabilistic metric space was introduced by S.N.Mishra
[10] in 1991. After that so many compatible mappings has been developed by researchers
in Probabilistic Metric Space. HK Pathak et.al. [11] in 1996 had introduced the concept
of compatible mapping of type (P) in metric space. In this paper, we extends compat-
ible mapping of type (P) in Menger space and obtain a common fixed point theorem

with suitable example which generalizes some well known results in literature.

2. Preliminaries

Definition 2.1 [15] : A function F': R — R™ is said to be distribution function if it is

(i) Non-decreasing function
(ii) left continuous
(iii) Inf{F(x):x € R} =0 and sup{F(z):z € R} = 1.

Here, we denote the set of all distribution function by L and H denotes distribution
function, called Heavy Side Function, defined as:

0, of =<0

H(z) =

1, if >0
Definition 2.2 [15] : Let K be a non-empty set and F': K x K — L is a distribution
function. Then, a pair (K, F) is said to be Probabilistic Metric Space (briefly, PM-
Space) if the distribution function F'(p, ¢), where (p, mq) € K x K, also denoted by F), ,

satisfy following conditions:
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PM(1): F,4(z) =1 for every x > 0 if and only if 7p =¢

PM(2): F,4(0) =0 for every p,q € K

PM(3) : Fp4(x) = (x) for every p,q € K

PM(@4): Fp4(z+ y) =1 if and only if F},,(z) =1 and F} 4(y) = 1.

Here, F), () represents the value of F), , at € R
Definition 2.3 [5] : A function ¢ : [0,1] x [0,1] — [0,1] is called triangular norm
(T-norm) if it satisfies the following conditions:

Ti: t(0,0) =0 and t(a,1) = a for all a € [0,1]

To: T(a,b) =t(b,a) for all a,b € [0,1]

Ts: if a<ecb<dthen t(a,b) <t(c,d) and

Ty: t(t(a,b),c) =t(a,t(b,c)).

Definition 2.4 [15] : A triplet (K, F,t) is said to be Menger Space or Menger Prob-
abilistic Metric Space where (K, F) is PM space and ¢ is T-norm which satisfies the
condition:

PM5: F,,(z+y)>t(Fp, (z),Frq(y)) for every p,q,r € K and z,y € R > 0.
Remark 2.1 : If (K, d) be metric space then metric d induces a distribution function
F defined by F, 4(t) = H(t — d(p,q)) and if f is contraction and d(fp, fq) < kd(p, q) in
Metric Space, then, in PM Space

Ffp,fq(kt) > Fp,q(t)

and when if d(p,q) <t then Fj, ,(t) > 1 —t.

Also, Fyp rq(kt) > Fp 4(t) whenever Fy, 4(t) > 1 —t.

Definition 2.5 [6] : A mapping @ : K — K in Menger Space (K, F,t), is said to be
Continuous at a point p € K if for every. € > 0 and A > 0, there exist e > 0 and Ay > 0
such that if Fj, 4(e1) > 1 — A then F, gq(€) > 1 — A

Definition 2.6 [6] : Let (K, F,t) be a Menger Space and ¢t be a continuous T-norm.
Then,

(a) A sequence {k,} in K is said to be converge to a point k in K if and only if for every
e >0 and A > 0, there exist an integer N = N (e, A) such that Fy,, ,(¢) > 1— X for
alln > N. We write, lim k, = k.

n—o0

(b) A sequence {k,} in K is called a Cauchy Sequence if for every e > 0 and A > 0, there
exist an integer N = N (e, A) > 0 such that F, 1,.(¢) > 1 — A for all m,n > N.
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(¢) A Menger Space (K, F,t) is said to be Complete if every Cauchy sequence in K

Converges to a point in K.

In 1991 S. N. Mishra [10] have introduced following Compatible in Menger Space as the
extension of compatible mapping in metric space introduced by G. Jungck [7] in 1986.
Definition 2.7 : Two mappings @, R : K — K are said to be Compatible in Menger
Space (K, F,t) iff li_>m FQRrk,, ro(x) =1 for all x > 0, whenever {k,} in K such that
n oo
lim Qk, = lim Rk, = z for some z in K.
n—oo n—oo
Definition 2.8 [2] : Two mappings Q, R : K — K are said to be Compatible of type
(A) in Menger Space (k, f,T') iff nh_)rgo FQRr,RrRk, (£) =1 and nh—%lo Frok, :Qqk,, () =1
for all z > 0, whenever {k,} is a sequence in K such that lim Qk, = lim Rk, = k for
n—oo n—oo
some k in K.
H. K. Pathak et.al [11] in 1996 had introduced the concept of compatible mapping of
type (P) in metric space. As an extension of this type mapping, we have introduced the
following compatible mapping of type (P) in Menger space with example as follows:
Definition 2.9 : Two mappings @, R : K — K are said to be Compatible Mapping of
type (P) in Menger Space (K, Ft) iff li_>m FQok, »rRE, () = 1Y « > 0 whenever {k,}
n—oo
is a sequence in K such that lim Qk, = lim Rk, = k for some k in K.
n—oo n—o0

Example : Let (K, d) be metric space where K = 0, 2] with usual metric d(z,y) = |z—y|
and (K, F') be PM space with

m, if t>0
Fpy(t) = for allz,y € K
0, if t=0.
Defining @ and R as:
1, for x€]0,1) 1, for z€]0,1)
Qx) = and
2—xz, for zell,2] z, for x€ll,2]

Taking {k,} in K where k, =1+ X neN
1

lim Qk, = lim Q(1+> =2 <1+ > =1=t
n—00 n—o00 n

1

n
. . 1 1
lim Rk, = lim R(1+>:<1+>:1:t
n—o00 n—o00 n n
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QQk, = Q(Q <<1 + ;)) =Q(1) =1+t
Since, RRk, = R(R((1+ 1)) =R(1)=1=t

Therefore, nlLH;O Fook, s RRk.(z) = nl;n;o Fii(z) = ﬁ =1 for all x > 0.

Hence, (@, R) is compatible of type P in PM Space.

It is important to note that if @, R : K — K be compatible mapping of type (A4) and
one of @ and R is continuous then ) and R are compatible of type P.

Theorem 2.1 [2] : Let K, F,t) be Menger space with the continuous 7' — norm t and
Q@ : K — K. Then, @ is continuous at a point k£ € K if and only if for every sequence
{kn} in K converging to k, the sequence {Qk,} converges to the point Qk. i.e. if
{kn} — k then it implies {Qk,} — Qk.

Proposition 2.1 [14] : In Menger Space K, Ft), if t(k, k) > k for all k € [0,1] then
t(a,b) = min{a, b} for all a,b € [0, 1].

Lemma 2.1 [14] : Let (K, F.t) be a Menger space. If there exists k € (01) such that
for p,q € K, Fp, 4(kx) > Fp 4(x) then p = a.

Proof : Since, F), 4(kx) > F), 4(X). So, we have

Fpq(kz) > Fp,q(k_lf)'
By repeated application of above in equality, we get

Fp,q(ﬂ?) > Fp,q(k_lx) > Fp,q(k_Qx) > 2k q(l_mx) ~-m €N

)

which implies 1 as n — oc.

Hence, Fp,4(z) =1V x>0 and we get p = q.

We need following propositions for the establishment of our main results in Menger
space.

Proposition 2.2 : Let K, F,t) be a Manger Space such that the T-norm ¢ is continuous
and t(x,z) > z for all z € [0,1] and G,H : K — K be mappings. If G and .. are
compatible mapping of type P and Gz = Hz for some z € K, then, GGZ = GHz =
HGz=HHz.

Proof : Suppose {k,} is a sequence in K defined by k,, = z where n = 1,2,3,--- for
some z € K and Gz = Hz. Then we have Gk,, Hk,, — Gz as Tn — oo.

Since, G and H are compatible of type P, then for every ¢ > 0

FaGz,uu- (€) = Jim. Faer, nHK,(€) = 1.
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GGz=HHz. But Gz = Hz implies GGz =GHz= HGz = HHz.
Proposition 2.3 : Let (K, F,t) be a Manger Space such that the T-norm ¢ is continuous
and t(z,x) > x for all z € [0,1] and G,H : K — K be mappings. Let G and H are
compatible mappings of type P and

lim Gk, = lim Hk, = z for some z € K.
n—oo n—oo

Then, we have,

(i) lim HHE, = Gz kif G is continuous at z,

n—oo

(ii) lim GGk, = Hz if H is continuous at z,

n—oo

(ili) GHz = HGz and Gz = Hz if G and H are continuous at z.

Proof (i) : Suppose that G is continuous at z. Since, we have,

lim gk, = lim Hk, = z for some z € K.
n—o0 n—oo

So lim GGk, = G=z.

n—o0

Again, since G and H are compatible of type P.

Therefore, lim Fegr, mHE, (€) = 1 for all € > 0. So
n—o0

Fruuk, c:(€) > t(Fuuk, ccr,(€/2)
> (1, Faz,62(€/2))
> t(1,1)

Fupk, c-(€) = 1.

So, lim HHEk, = G=.

n—oo

(ii) We may prove (ii) as we prove (i)

(iii) Suppose that G, H : K — K are continuous at z.
Since, lim Hk, = z and G is continuous at z.

n—0o0
So, by Proposition 2.3 (i) HHk, — Gz, as n — o0.
On the other hand, since, lim Hk, = z and H is also continuousat z.
n—oo

lim HHEk, = Hz.

n—iny
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Thus, we have Gz = H z by uniqueness of limit and so by Proposition 2.2, HGz = GH z.
This completes the proof.

Lemma 2.2 [14] : Let {k,} be a sequence in Menger space (K, F,t), where t is con-
tinuous T-norma and ¢(x,x) > « for all z € [0,1]. If there exists a constant k € [0, 1]

such that
k) > Fknfl,kn (z)

Fkn,kn+1 ( —

for all z > 0 and n € N, then {k,} is a Cauchy sequence in K.

3 . Main Results

Now we prove our main theorem for compatible mappings of type (P) in complete
Menger space:

Theorem 3.1 : Let (K, F,t) be a complete Menger Space with (z,y) min{z,y} for all
xz,y €10,1] and Q,S,R,T : K — K be mappings such that

(3.1) Q(K) C T(K) and S(K) C R(K)
(3.2) the pairs (@, R) and (S,T) are compatible of type P.
(3.3) One of Q, S, R, T be continuous.
(3.4) there exist a constant e € (0,1) such that
FQu,sy(kt) > min{ Fre,Qu () Fry,Qe(0t), Fre,sy(2 — a)t), Frery(t)}
for all z,y € K, € (0,2) and ¢ > 0.

Then @, R, S, T have a unique common fixed point in K.

Proof : Consider uy € K. Since Q(K) C T(K). So, there exists a point u; in K.
Such that Qug = Tu; = vg. Again, since S(K) C R(K). So, for u1, we may choose us
in K such that Su; = Rus = v1 and so on.

And inductively, we may construct sequence {u,} and {v,} in K such that

Quan, = Tuopt1 = vy

Suzn+1 = Rugpyo =vony1, for n=0,1,2,.



66 AJAY KUMAR CHAUDHARY, K. B. MANANADHAR, K. JHA & P. P. MURTHY

Putting x = ugy, andy = ugp4q for all ¢ > 0 and o = 1 — ¢ with ¢ € (0,1) in (3.4), we
get

FRUQnyQUQn (t)v FTu2n+1,Su2n+1 (t)7 FTu2n+l7Qu2n (2 - q)t), }

F > min
Quan,Suznt1 = { FRu2n75u2n+1 ((1 + Q)t)’ FRu2n7TU2n+1 (t)

Fv2n ,V2n+1 (kt)

Z min{FUanl,'UZn (t)7 F'U2n77-)2n+l (t)7 F'UZn:UQn ((1 - q)t)7 Fv2n71ﬂ)2n+l ((1 + q)t)'Fv2n71fU2n (t)}
Z min{FU?nfly'UQn (t)7 Fv2n7U2n+1 (t)7 F’”anl ,V2n (t)7 FU2n7U2n+1 (qt)}
2 min{FU}n—ly'UQn (t)7 Fv2nav2n+1 (t)7 F'UQn,U2n+1 (qt)}

As q¢ — 1, we obtain

Fv2nyv2n+1 (k;t) 2 min{FUZn—lyUQn (t)7 Fv2n7U2n+l (t)7 Fv2nyv2n+l (t)}

= min{FU2n717U2n (t)a szmvzn+1 (t)}

Hence fv2nyv2n+1 (kt) Z min{F’U?ﬂfl ,U2n (t)7 va2n7U2n+l (t)}
i'e' Fv2n5U2n+1 (kt) Z FU2n717'U2n (t)

Similarly, also we obtain

Fv2n+1av2n+2 (kt) Z Fv2nyv2n+l (t)

Therefore, for every n € N,

F’UnfUanl (kt) Z FUnflfUn (t)/

So, by Lemma 2.2 {v,} is Cauchy sequence in K.

Since, the Menger space (K, F\ t) is complete, {v,} converges to a point z in K and the
subsequences {Qus, }5 {Susni1 }+ {Rusn > { Tusn st JOf {vn} also converts to z.

Now, suppose that 7" is continuous, since S and 7" are complatible of type (P), then by
Proposition 2.3, SSu,,.,,T'Su,,., — TZ as n — oo. Putting x = ug, and y = Sy, ,,

in (1.4), we get

FQUQn ,SSuan 11 (kt)

> min { FRuzn—hQuzn (t)’ FT3u2n+lysSUf2n+l (t)a FTSU2n+17Qu2n ((a)t)v }
o FRu2naSSUv2n+1 ((2 - Oz)t), FRu2n7Tsu2n+l (t)
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Taking n — oo, we have
Fz,Tz(kt) Z min{Fz,z(t)a FTz,Tz(t)a FTz,z(at)a Fz,Tz((2 - Oé)t), Fz,Tz(t)}-
Letting « = 1 — ¢ with ¢ € (0,1) then

F, 1o (kt) > min{Fr; .((1 — ¢)t), Fo r-(¢)((2 — (1 — ¢)t), Fo (1) }-

Fz,Tz(kt) 2 min{FTz,z((l - Q)t)7 Fz,Tz((l + Q)t)a Fz,Tz(t>}
Z min{FTz,Tz(<1 —q + 1 + q)t)7 FZ,TZ(t)}
> min{F, r,(t)}.

F,1.(kt) > F, 7,(t)E which implies z = Tz by Lemma 2.1.
Simiarly, replacing x by ug, and y by z in (3.4), we have

FngnSZ(k't)ge min{FmeQu% (t), Frzs. (1), Fr:.Qusn (at), FRuzn,Sz((Q_a)t)7 Fru,, 12 (t)}.

Taking n — oo

FZ,SZ(kt)

Y

min{F, . (t), Fs 5:(t), Fs, - (at), Fy 5:((2 — a)t), Fx (1)}
min{F; s.(t), Fz5:((2 — (1 — 9)t)}
min{F. g.(t), Fz s.((1 4+ q)t)}
), F.
(

(AVARNAYS

v

e {Fz sz(t ( ) zSz(qt)}

min{F, g.(t), F. s5.(t)} as g — 1.

v

F. s:(kt) > F. 5:(1).
So, z=T2z.
Since S(K) C R(K). So, there exists a point w in X such that Sz = Rw = z.
By using (3.4), again, we have

Fouz(kt) > min{Fruwqu(t), Frzs:(t), Frzqu(at), Fre,s:((2 — a)t). Frer-(t)}
> min{F; Qu(t), Frz-(t), Fzou((1 — @)t), Fru,((1 + q)t), For2(t)}
> min{F. Qu(t), Fr:-(t), FQu,:((1 — ¢)t), Fru,-((1 + q)t), For2(t)}
> min{F, gu(t), mF. .(t), Fowrw((1 — ¢+ 1+ q)t)}
> min{F}; Qu(t), mFqu,:(2t)}
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FQu,2(kt) 2 F. Qu(t) = FQu,(t).
Qu = z.
Since @ and R are compatible mapping of type (P) and Quw = Rw = z, by Proposition
2.2, we have for every € > 0.
Forw RrRw(€) =1 and hence Qz = QRw + RRw + Rz.
Finally, by (3.4), we have (here x = z,z = Sz)

Fg..(kt) = Fg.s.(kt) > min{Fr, q.(t), Fr..(t), Fr.q.(at), Fr..((2 — a)t), Fr.7.(t)}
> min{Fq.:(t), F:.(1), Fxo:(at), Fo:.((2 — a)t), Fo. (1)}
> min{Fg..(a,1), F.0:((2 — a)t), Fo...(t)}
> min{Fgy. g.(at + (2 — a)t), Fo. (1)}

Or, Fg. .(kt) > Fg. .(1).
Qz = z.
Hence, Qz=Sz=Rz=Tz = z.
This is, z is common fixed point of given mappings @, R, S and 7.

Uniqueness : Suppose z; be other point in K such that
271=Qz21 =821 =Rz =T2.
Putting x = z and y = 21, a = 1 in (3.4), we get

FQz,Sz1 (kt) = FZ,Zl (kt) > min{FR%QZ(t)v FTZISZI (t)7 FTZLQZt)'FRzﬁzl (t)v FRZ:TZI (t)}
F. . (kt) > min{F, . (1), mF;.(t)}.

Or, Fiz, (kt) > Fipy (1),

By Lemma 2.1, z = 2.

Hence, Ez = Qz = Sz = Rz = Tz and z is unique in K.

This completes the proof.

We have following example.

Example 3.1 : Let (K, F,t) be a complete Menger Space with t(x,y) = min{x, y} for
all z,y € [0,1], where K = [1,10] with metric d defined by d(z,y) = |x — yland F is

defined by
t .
m, it t> 0
Fpy(t) = for all z,y e K
0, if t=0.
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Define @, S, R, T : K — K as below :

1 for x <4 1 for <5
Q) - { < <

2, for =z >4 and S(x):{ 2, for £ >5

R(z)=Tx =z foral x € K.

Taking {k,} in K where k, = 1 + %,n € N. Then Q,S, R and T satisfy all the
conditioins of the above theorem 3.1 and have a unique common fixed point x = 1.

In the Theorem 3.1, if we take Q = S,T = R, then we have following result.
Corollary 3.1 : Let @Q and R be self maps in Complete Menger space (K, F,t) with

continuous t(x,y) = min{x, y} for all z,y € [0, 1] satisfying the following conditioins:L
(i) Q(K) C R(K)
(ii) (@, R) be compatible of type P.
(iii) R be continuous.

(3.4) there exists a constant k € (0,1) such that

FQI,Qy(kt) > min{FRx,Qﬂ:(tv FRy,Qy(t)a mFRy,Qx(at)v FRx,Qy(@ —a)t), FRw,Ry(t)}

for all x,y € K,a € (0,2) and ¢t > 0.

Then @ and R have a unique common fixed point in K.

In the Theorem 3.1, if we take S = Q = g, R = T = Ik, an identity mapping on K,
then we have following result.

Corollary 3.2 : Let g be self maps in Complete Menger space (K, F, t) with continuous
t(z,y) = min{x, y} for all z,y € [0,1]. If there exist a constant k € (0,1) such that

Fyzgy(kt) = Fpy(t) = min{Fy go(t), Fygy(0), fy,ge(at), Fogy((2 — )t), Fry(t)}

for all z,y € K, € (0,2) and ¢ > 0. Then, g has a unique fixed point in K which is
the probabilistic version of the Banach contraction theorem established by Sehgal and
Bhanarucha Reid [13] in 1972.

Remark : Our result extends and generalizes the results of Jungck et.al [7] in metric

space. Also, this result improves other similar results in literature.
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